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Abstract

General formulae for intensities of multiple quantum (MQ) NMR coherences in systems of nuclear spins coupled by the dipole—
dipole interactions are derived. The second moments of the MQ coherences of zero- and second orders are calculated for infinite
linear chains in the approximation of the nearest neighbor interactions. Supercomputer simulations of intensities of MQ coherences
of linear chains are performed at different times of preparation and evolution periods of MQ NMR experiments. The second
moments obtained from the developed theory are compared with the results of the supercomputer analysis of MQ NMR dynamics.

The linewidth information in MQ NMR experiments is discussed.

© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Multiple quantum (MQ) nuclear magnetic resonance
(NMR) is widely used to investigate size, space dimen-
sionality, and structure of many-spin clusters in solids
[1-6]. Although intensities of MQ coherences are depen-
dent on the local dipolar frequencies within the evolu-
tion period [1] of the MQ NMR experiment [7], the
integrated MQ intensities are used usually to extract
physical-chemical information from MQ NMR spectra.
The integrated intensities are sufficient to obtain the
important information in MQ clustering experiments
and the phase-incremented method has been developed
[8] to measure the integrated intensities at a high signal
to noise ratio. At the same time, line shapes of intensities
of MQ coherences can be considered as a source of addi-
tional information in many cases.
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In this work, the results of a supercomputer analysis
of the lineshapes of the intensities of MQ coherences of
different orders are presented. The second moments of
the lineshapes of MQ coherences of zero- and second or-
ders are calculated both analytically on the basis of the
developed method and numerically from the line shapes
obtained by the supercomputer analysis of fifteen-spin
linear chains. Possible applications of the developed ap-
proach are also discussed.

2. Intensities of MQ coherences in MQ NMR experi-
ments

We consider a system of nuclear spins coupled by the
dipole—dipole interactions (DDI) in a two-dimensional
time-resolved MQ NMR experiment consisting of the
four periods: preparation, evolution, mixing, and detec-
tion, see Fig. 1 and [1]. In the preparation period the sys-
tem is exposed to a sequence of pulses which leads to the
appearance and the further evolution of MQ coherences.
Spin dynamics of the system is described by the
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Fig. 1. A schematic presentation of time-domain MQ experiment.

two-quantum/two-spin Hamiltonian, H, during the
preparation period of the MQ NMR experiment [1] as
follows:

H=H+H> ZDJAF] (1)

j<k

where Iji are the raising and lowering spin angular
momentum operators of spin j. The dipolar coupling
constant Dy between spins k and j is given by

2

D, =
Jk = 21" (

1 —3 cos’0y), (2)
where 1 is the distance between spins j and k and 0, the
angle between the internuclear vector 7; and the exter-
nal magnetic field. The sign of the Hamiltonian of the
mixing period of the MQ NMR experiments [1] is oppo-
site to that in Eq. (1) and the Hamiltonian, Hg., of the
evolution period is

Mo = Y Du(3LI; — T1). (3)

J<k

In Eq. (3) I} (« = x,y,z) are the spin angular momentum
operators. Using the thermal equilibrium density matrix
as the initial condition one can obtain the density matrix
p(t,1) after the preparation period of the duration 7, the
evolution period ¢, and the mixing period 7 in the high
temperature approximation [1] as

p(‘f, t) — eiHrefi(Hd;rAI:)te

where the resonance offset 4 acting during the evolution
period is the result of an application of the method of
TPPI [1] to separate different MQ orders and
I, =% ,I;. At the end of the mixing period, the longitu-
dinal polarization, {(I.)(z,1), is given by

(I)(x, 1) = Tr{p(z, ).}
_ Tr{a( ) i(Ha+AlL)t G(T)ei(Hd5+N‘">t} (5)

ﬂHr[zeleel(HdZ+AIZ)teﬂHr7 (4)

and o(t) = e [.e™" is the density spin operator at the
end of the preparation period. It is convenient to expand
the density spin operator o (t) in the series [9,10] as

) =Y 0,0, (6)

where o¢,(7) is the contribution to the o (1) from MQ
coherences of the nth order. Substituting Eq. (6) into
Eq. (5) yields

Ze—mAtTr{e*IHdz 2(0)e"el g (1)), (7)

To derive Eq. (7) we took into account the identity
Tr{e Melg, (1) g, (1)}

= 0_p,Tr{e Mg, (1)eMe's_ (1)}, (8)
where J_,, , is the Kronecker delta function. The nor-
malized intensity of the MQ NMR coherence of the
nth order, F,(t,1?), is
Tr{e Melq,(t)eMe'q_, (1)}

Tr{lZ}

Tr{e Melg,(t)eMe's_, (1)}

= N2N,2 ) (9)

where N is the number of spins. We shall call the corre-
lation function F,(z,¢) as the MQ correlator of the nth
order. The Fourier transformation of F,(t,f) with
respect to ¢ yields the MQ correlator of Eq. (9) in the
frequency domain, G,(w,7), and the area S(7)=
7. Gu(w, 1) dw is

/ dw / e ', (t,6)dt
l(l)t
2n i F,,(v: t)dt [ R dw

_ / " Fo(r, 1)0(1)dt = Fo(z,0)
0
 Trlo@o() (10

N2N72 ’

F.(t,t) =

where 0 (¢) is Dirac’s o-function and F,,(z,0) is called [8]
the integrated intensity of the MQ coherence of the nth
order. The integrated intensities were calculated exactly
in one-dimensional systems (linear chains and rings) in
the approximation of the nearest neighbor interactions
[9-11]. The developed approach takes the DDI of nucle-
ar spins into account only. At the same time, chemical
shift anisotropy may also be important. The theoretical
analysis can be generalized easily to the case of the
different spin interactions. However, supercomputer
calculations are getting more complex and will be
accomplished in the future.

3. Supercomputer calculations of MQ correlators in time
and frequency domains

We study dynamics of a linear nuclear spin chain con-
sisting of 15 spins coupled by the DDI. The spin density
operator of the system at the end of the preparation per-
iod of MQ experiment [1] was obtained numerically in
[12]. We use the results of [12] as the initial conditions
to calculate the spin density operator at the different
durations of the evolution period of the MQ NMR
experiment [1]. To this end, parallel calculations of the
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intensities of MQ coherences at the different times are
used as in [12].The computer simulations were per-
formed at the Joint Supercomputer Center of Russian
Academy of Sciences. We used MBC-1000M (768
CPU) with the peak performance 1TFlops and 1GByte
memory per CPU in the joint supercomputer. This clus-
ter works under LINUX RedHat 6.2 with SMP support.
As the result, the MQ correlators F, (1, f) are obtained at
the different times t and ¢. The intensities of MQ coher-
ences versus the time of the evolution period ¢ for a gi-
ven preparation time t are presented in Fig. 2 and can
be approximated by Gaussian curves. The calculation
grids for the preparation time 7= 0.5ms and for the
evolution time 7 = 0.01 ms were used.

The intensities of MQ coherences of Fig. 2 depend on
the time 7 of the preparation period. The intensities of
MQ coherences of the zeroth and *second orders are
represented on Fig. 3 at different times of the prepara-
tion and evolution periods.

Expanding the correlator F,(z,?) in the Taylor series
over the time ¢ up to the terms of the fourth order one
obtains

F.(t,t) = F,(1,0) )

y Tr{[o,(7), Ha:][Haz 00 (7)]}
N2V '

(11)

It is worth noticing that the correlator F,(t,?) of Eq. (9)
satisfies to the condition

F.(t,t) = F_,(1,1), (12)

8.0x10" 1
0,4+

6,0x10"

0,3 1

4,0x10" 4

Intensities

2,0x10* 4

because of the identities e ™g,(1)e™ = ¢_,(r) and

[Hq.,e"™x] = 0. Using Egs. (9) and (12) one concludes

Tr{e "[g,(1) + o_,(1)]e"[0,(z) + 7_,7]}
Te{L}

— 2, (5, 1), (13)

R,(t,1) =

The symmetrized form R,(z,f) for the correlator
F,(z,t) is more convenient to perform the supercom-
puter calculations. Taking into account the Gaussian
approximation for the correlator F,(t,¢) which is rele-
vant for the experimental data [1] one can rewrite
Eq. (11) as

Fo(t,1) = Fo(t,0)e 7 (14)

where Mg”) is the second moment of the MQ coherence
of the nth order and

_ Tr{[o‘,, (T), Hdz] [Hdm O',,,(T)]} ]

()
M
: N2V"2F,(1,0)

(15)

4. Calculations of the second moments of MQ coherences

The second moments M(Z") of MQ coherences have
been calculated for an infinite linear chain in the approx-
imation of the nearest neighbor interactions when all
but the nearest neighbor interactions are set to 0. In that
problem the spin density operators 6,(t) (n = 0,+2) are
known exactly [9,10]. In particular, at the end of the
preparation period the part of the spin density operator
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Fig. 2. Intensities of MQ coherences of the zeroth (0Q), second (2Q), fourth (4Q), and sixth (6Q) orders (see Eq. (9)) for a linear chain consisting of
15 spins versus the time of the evolution period; the time of the preparation period is T = 1 ms. The inset shows MQ coherences of the eighth (8Q),
tenth (10Q), and twelveth (12Q) orders. The external magnetic field is directed along the chain. The DDI of the nearest neighbors is 2n-2.95 kHz.
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Intensities

Intensities

Fig. 3. Intensities of MQ coherences of (A) the zeroth and (B) second
orders at different times of the preparation and evolution periods. The
external magnetic field is directed along the chain. The DDI of the
nearest neighbors is 27-2.95 kHz.

00(1), which is responsible for the MQ coherence of the
zeroth order, is

ao(1) = % Z co8[2D;;ytsin k(1 — 2a; ax), (16)
*

where k = 2"7'”, with the integer m running —N/2,—N/
2+1,...,N/2 — 1,N/2 and N is the total number of spins
in the chain; af, a; are the fermion raising and lowering
operators [10] and D;; + ; =D is the DDI coupling con-
stant of the nearest neighbors (D = 2n-2.95 kHz). One
can show easily that the flip—flop part of the Hamilto-

nian Hy, commutes with the density matrix oq(t) and

the calculation of the second moment of 0Q coherence
can be reduced to the calculations of the second moment
of the MQ coherence of the zeroth order for the zz-part,
‘H.., of the Hamiltonian Hg4.. One obtains

[H..,00(7)] = f% Z cos[2Dzsin k]

X { Z 2773 [eik(/’j')lj.’[;

Jj+2<j
—ik(j—j' - z z z z
—e N (B By =y E )

+ 3 [eiko‘—/) 1 —e g 1}—/}

1<)

-

/fl)
—iky— ik - z z
+Z [e ML, e I;IJH} ( 42 _Ij—l) }
7

(17)

Z Z 4
XEy o (I,

The sums Sy, S,, which appear in Eq. (17), are

1
S| = N zk: cos[2Dtsin k| sink(j — j');

! (18)
S, = v Zk: cos[2Dtsin k| cosk(j — j).

Changing the variable k to —k one can obtain that
S1 = 0. When the limit N — oo is performed for S, it is
possible to replace the summation in Eq. (18) by the
integration. As the result, one can find from Eq. (18)
B {0, at j—j is odd
o Jou(2D1), at j—j =2L, (L is an integer),
(19)
where J,; (z) is the Bessel function of the first kind of
order 2L. Cumbersome but straightforward calculations
give

2
(0) 4D

0(7"7 O)

Using the relationship for the Bessel functions [13]

J32Dv)+2 > J3,(2D1)|. (20)

L=23,...

2 _ 1 2
> J3(2Dr) = 1 [Jo(4D7) + 1 — 2J3(2D7)], (21)

L=12,..

the expression for the M g(’) of Eq. (20) can be written as
follows:
o _ 2D’ 2 2
(NS
(22)
The analogous calculations allow one to obtain the

second moment M 52) of the MQ coherence of the second
order which is given by
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2 1 5 " for 4Q and 6Q coherences are shown in Table 3. MQ
M; “ (1.0 D1 = Jo(4Dr) — 2J3(2D1)] coherences of higher orders decay faster that 0Q and
2(%,0) 2Q ones
1
+3 L2J§L(2Df)}. (23)
L5132,

The second moment M ;2 of the correlator R,(t,1)
describing the MQ coherences of plus/minus second or-
der is equal to M (22). For the time 7 which is determined
as

the intensity of the MQ coherence of the kth order
(k=0,%2) is diminished approximately by half (see Eq.
(14)). One can calculate # with Egs. (22) and (23). In
Table 1 the times 7 are compared with the analogous
times, f, found from the supercomputer calculations of
the MQ coherences of the zeroth order at different dura-
tions of the preparation period. The initial values Fy(z,0)
are taken from the supercomputer calculations [12].

The analogous comparison for the MQ coherence of
the second order is represented in Table 2.

Some discrepancies of the numerical results with the
analytical ones are explained by an influence of the ends
of the 15 spin chain at the numerical calculations and
the appearance of MQ coherences of high orders at
the supercomputer analysis [12] when the DDI of all
spins were taken into account.

The second moments for higher-order coherences
cannot be obtained analytically. The numerical results

5. Possible applications of linewidth analysis of MQ
NMR

If integrated MQ intensities are required only then the
linewidth information in MQ NMR experiments is not
necessary. In such cases phase incrementation [8] can
be applied to provide a sensitive and time-efficient ver-
sion of MQ NMR. However, the linewidth information
in a MQ NMR experiment can be useful. Fig. 4 shows
an oscillating dependence of the second moments of
the line shapes of 0Q and 2Q coherences on the time of
the preparation period for 1D linear chains in accor-
dance with Egs. (20) and (22). Although the second mo-
ments of Egs. (20) and (22) were obtained in the
approximation of the nearest neighbor interactions they
are close to the second moments of MQ coherences of
linear chains when the DDI of all spins are taken into ac-
count. If the regular oscillating dependence of the second
moments of the line shapes of 0Q and 2Q coherences was
obtained one can conclude that the system under investi-
gation is a 1D one. In hydrogenated amorphous silicon
[14] information about the distribution of hydrogen
and continuous network of silicon-hydrogen bonds can
be extracted from linewidths and lineshapes of MQ
coherences. A complex structure of the lineshape in
MQ NMR experiments for systems with the DDI and
the anisotropic chemical shift is also a source of the

Table 1

Analytical and numerical times of 0Q coherence intensity decay

Preparation time t(ms) 0.5 1.0 1.5 2.0 2.5 3.0
Initial value Fy(z,0) [12] 0.4490 0.3774 0.3699 0.3507 0.3306 0.3147
Supercomputer time 7 - 10° s (see text) 2.69 2.59 2.40 2.28 2.24 2.16
Time 7 - 10° s (see Eq. (24)) 2.57 2.40 2.40 2.34 2.26 2.17
Table 2

Analytical and numerical times of 2Q coherence intensity decay

Preparation time t(ms) 0.5 1.0 1.5 2.0 2.5 3.0
Initial value F>(z,0) [12] 0.2432 0.2514 0.2265 0.2260 0.2239 0.2205
Supercomputer time 7 - 10° s (see text) 2.76 2.33 2.25 2.12 2.08 2.02
Time 7 - 10° s (see Eq. (24)) 2.76 2.69 2.51 2.50 2.51 2.53
Table 3

Numerical times of 4Q and 6Q coherence intensity decay

Preparation time t(ms) 0.5 1.0 1.5 2.0 2.5 3.0
Initial value F4(z,0) 0.02989 0.0509 0.0724 0.0781 0.0860 0.0939
Supercomputer time 7. - 10° s 1.975 1.925 1.905 1.865 1.865 1.855
Initial value Fg(z,0) 0.0023 0.0082 0.0146 0.0181 0.0219 0.0244
Supercomputer time 7 - 10° s 1.900 1.750 1.732 1.732 1.750 1.728
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Fig. 4. The second moments of (A) 0Q and (B) 2Q coherences at
different times of the preparation period.

valuable information about structural peculiarities in
solids. Finally, the lineshapes of MQ coherences of differ-
ent orders could be very sensitive to molecular move-
ments and the spin-lattice relaxation. The developed
technique can be applied with corresponding modifica-
tions to the analysis of MQ NMR experiments of the
such systems.
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